Introduction
In the seminal paper on probabilistic computation, Gill G] de ned the class PP, the class of problems decidable by a probabilistic polynomial-time Turing machine that need only accept a string with probability at least one-half. Gill left open the question as to whether PP is closed under intersection.
Recently Beigel, Reingold and Spielman BRS] showed that in fact PP is closed under intersection. They also showed PP is closed under a variety of other reductions including polynomial-time conjunctive and disjunctive reductions, bounded-depth Boolean formula reductions, O(logn) Turing reductions, threshold reductions, symmetric reductions, and multilinear reductions. ing paths on input x. The GAP functions are studied in depth in FFK] .
A language L is in PP if there exists a nondeterministic polynomial-time Turing machine M such that x 2 L when GAP(M; x) > 0 and x 6 2 L when GAP(M; x) < 0.
PP was rst de ned independently by Gill G] and Simon S] . Let L (x) be the characteristic function for the language L.
A language L 1 is truth-table reducible to a language L 2 if there exists a polynomial-time computable function g mapping an input x to a polynomial number of inputs x 1 ; : : :; x j and another polynomial-time computable function f mapping f0; 1g j to f0; 1g such that x 2 L 1 if and only if f( L2 (x 1 ); : : :; L2 (x j )) = 1.
A class C is closed under truth-table reductions if whenever L 2 is in C and L 1 is truth-table reducible to L 2 then L 1 is in C.
A rational function is the quotient of two polynomials. The order of a rational function is the sum of the degrees of these two polynomials.
Main Theorem
Theorem 1 PP is closed under truth-table reductions.
Idea of Proof:
We create a rational function that captures the multilinear extension of the truth-table function f over GAPs of machines. Using techniques drawn from BRS] we create a new nondeterministic machine whose GAP has the same sign as this rational function.
We start the full proof with the following polynomials and rational functions similar to those de ned in BRS]:
f(y 1 ; : : :; y j )H(z 1 ; y 1 ) H(z j ; y j ) Let t(z) = 0 if z 0 and t(z) = 1 if z > 0. We then have the following lemma:
Lemma 2 For any boolean function f, the function F is a rational function such that for any (z 1 ; : : :; z j ) with each z i an integer with 0 < jz i j 2 m , jF(z 1 ; : : :; z j ) ? f(t(z 1 ); : : :; t(z j ))j 2 ?j Proof: For each z i , we have jH(z i ; 1) ? t(z i )j 2 ?3j and jH(z i ; 0) ? (1 ? t(z i ))j 2 ?3j . If f(t(z 1 ); : : :; t(z j )) = 0 then each term has absolute value at most 2 ?3j and thus the sum has at most absolute value 2 ?2j . If f(t(z 1 ); : : :; t(z j )) = 1 then one term is within a factor of (1 ? 2 ?3j ) j > 1 ? 2 ?2j of 1 and the remainder of the terms have absolute value at most 2 ?3j and thus the lemma follows. 2
Since H(z; 1) is a rational function of z let H(z; 1) = A(z)=B(z) for polynomial functions A(z) and B(z). Then H(z; 0) = (B(z) ? A(z))=B(z). Let A(z; 1) = A(z) and A(z; 0) = B(z) ? A(z) so H(z; y) = A(z; y)=B(z).
We can now rewrite F(z 1 ; : : :; z j ) as Lemma 3 Given a polynomial-time computable function h(x) that outputs a polynomial p(z) with integer coe cients and degree at most a polynomial in jxj and a nondeterministic polynomial-time M, we can create a nondeterministic polynomial-time machine N such that GAP(N; x) = p(GAP(M; x)).
We are now ready to prove Theorem 1: for each i. We will create two nondeterministic polynomial-time machines, N(x) and D(x), whose gaps will be the numerator and denominator of G(z 1 ; : : :; z j ) respectively. The construction of D(x) follows immediately from Lemma 3. To construct N(x) we will show how to construct a nondeterministic machine N 0 (x) whose gap will be the numerator of F(y 1 ; : : :; y j ). The construction of N(x) will follow by Lemma 3.
The machine N 0 (x) will work as follows: Guess y 1 ; : : :; y j 2 f0; 1g j . If f(y 1 ; : : :; y j ) = 0 then reject and halt. Otherwise, using Lemma 3 simulate a machine whose gap is A(z 1 ; y 1 ) A(z j ; y j ). Clearly N 0 (x) gives us the proper GAP. Finally, we use one last application of Lemma 3 to create a machine whose GAP is GAP(N; x) GAP(D; x). The gap of this machine will have the same sign as G(z 1 ; : : :; z j ) and thus by Corollary 1 will be positive if and only if f( L2 (x 1 ); : : :; L2 (x j )) = 1.
Note we can create a nondeterministic machine that runs in time polynomial in jxj to follow the above construction. This nishes the proof of Theorem 1. 2
In a k-round truth-table reduction there are k adaptive rounds each consisting of polynomially many nonadaptive queries. By applying the techniques above to the composition of the rational functions G for each round, we can show that PP is also closed under kround truth-table reductions for any constant k, answering a question of Toda (private communication).
Further Research
Ideally, we would like to know whether PP is closed under Turing reductions, i.e. is P PP =PP? We will probably need new techniques to solve this question because there exist oracles that make this statement false (see MP], for example) and all the proofs in this note relativize.
